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§1. Introduction 

The Schrodinger-Virasoro Lie algebras (including both original and twisted sectors) and 
their deformations were respectively introduced in [5] (further investigated in [6j [8]) and 
[15] . in the context of non-equilibrium statistical physics, which are closely related to the 
Schrodinger Lie algebra and the Virasoro Lie algebra. The Lie algebras C s x „ (/, /i G C) 
considered in this paper called deformative Schrodinger-Virasoro Lie algebras (see |15j). 
possess the C-basis {L ni M n , Y s+n | n G Z, s = or -} with the following non-vanishing Lie 



brackets: 



[L n , L m ] — (m — n)L m + n , [L n , Y s+m ] — (s + m — - + 2 - — h n)Y s + rn+n , ^ 
[L n , M m ] = (m - In + 2 i_i)M m+n , [ Y s+n , Y s+m } = (m - n)M 2s+m+n , 

x 

There appeared a series of papers on these infinite-dimensional Lie algebras due to their in- 
terests and importance. The non-trivial vertex algebra representations of the original sector 
were explicitly constructed in [19J. The Lie bialgebra structures, modules of intermediate 
series and Whittaker modules over the original Schrodinger-Virasoro Lie algebra were re- 
spectively determined in [H [TTJ 123] • The derivations, central extensions and automorphism 
group of the extended sector were investigated in [3]. The automorphisms together with 
Verma modules and central extensions together with derivations for generalized Schrodinger- 
Virasoro algebras were respectively investigated in [18] and [20]. The second cohomology 
group of the deformative Schrodinger-Virasoro algebras (both original and twisted) were de- 
termined by [9j [101 [15] completely. Derivations and automorphisms of twisted deformative 
Schrodinger-Virasoro Lie algebras were described in [21] . 

For any C-Lie algebra g, a symmetric bilinear forms ip on g is called g-invariant if it 
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satisfies 



<p([x,y],z) = <p(x,\y,z\), Wx,y,zeg. 

Denote Inv($j, C) the set of all C-valued symmetric g-invariant bilinear forms on the Lie al- 
gebra q. The non-degeneracy of a form ip G Inv(g, C) means <p(x, q) = implying x = 0. It 
is well known that non-degenerate symmetric invariant bilinear forms paly important roles 
in the structures and representations of Lie algebras and the Lie algebras with nondegen- 
erate, symmetric and invariant bilinear forms (usually called quadratic Lie algebras) play a 
privileged role in physics (see [H EJ [TJ [22] and their references) . 

The main purpose of this paper is to determine the non-degenerate invariant bilinear 
forms of deformative Schrodinger-Virasoro algebras C s x (I, /i G C) defined above, which can 
be formulated as the following theorem. 



Theorem 1.1 



Inv(£f, M ,C) 



C(pi z _ 1 if /i € |Z, A = —1, 

if /i G s + Z, A = -3, 
C<p s+ z,-5 if /U G s + Z, A = -5, 
Cip 8+ z,-2 if /i G s + Z, A = -2, 
^i w ,_2 if /i e \l/s + Z, A = -2, 



otherwise, 
where the corresponding non-vanishing components can be given as follows: 

¥>iz,_i(£o, Af-2A*) = x > ^z,-iQj» ^-p-2m) = - 2 ( x _ 5 p .-/*)> 

+Z,— 5(-^n; n— /j) 1; 

^A^H-Z.^vAij -^-n-2/J = 1? ( / , s+Z,-2(-^n, M- n -2n) = 1> VVfZ,-20j?> ^-p-2/i) = "2, 

/or s = or I and a// n G Z, p G s + Z. 

In order to present the corollary of the above theorem, we shall introduce some related 
notions based on a Lie algebra S. A 2-cocycle on S is a C-bilinear function if> : S x S — > C 
satisfying the skew-symmetry and the Jacobi identity 

i>(x,y) = -i/j(y,x), (1.2) 

for any x,y, z G 5. Denote by C 2 (<S, C) the vector space of 2-cocycles on S. For any C-linear 
function / : S — > C, one can define a 2-cocycle ipf as follows: 

i> f (x,y) = f([x,y}), Vx,yeS, (1.4) 
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which is called a 2-coboundary or a trivial 2-cocycle on S. Denote by B 2 (S, C) the vector 
space of 2-coboundaries on S. A 2-cocycle is said to be equivalent to another 2-cocycle ip 
if (j) — ip is trivial. The quotient space 

•H 2 (<S,C) = C 2 (<S,C)/£ 2 (<S,C), (1.5) 

is called the second cohomology group of S. It is known that the second cohomology group 
"H 2 (£^, C) of the deformative Schrodinger-Virasoro algebras (both original and twisted) 
have been determined by [91 [101 US] completely. 

Any Lie algebra M will become a Leibniz algebra if we remove the condition [x, x] = 

( Vx, y G jV). Any 2-cocycle if) : AfxAf — C will become a Leibniz 2-cocycle if we remove 
the condition (11. 2p . We use C 2 (Af, C) and B\{N ', C) respectively to denote the vector spaces 
of Leibniz 2-cocycles and Leibniz 2-coboundaries on M . Then the corresponding quotient 
space H 2 L (Af ', C) =C£(jV, C)/B^(J\f, C) is called the second Leibniz cohomology group of A/". 

There is a natural question whether the second cohomology group is consistent with the 
second Leibniz cohomology group for a given Lie algebra. The non-degenerateness of all 
the invariant bilinear forms on the corresponding Lie algebra plays the central role. The 
following proposition describes the details, which can be found in some references (e.g., 

Proposition 1.2 For any Lie algebra g over C, the following exact sequence holds: 

— ► U 2 (g, C) -A H 2 L (g, C) Inv(g, C) A H\g, C) 

where Inv($j, C) denotes the space spanned by the symmetric invariant bilinear forms on 
g, tc is the natural embedding map, £ is defined by £(n)(x,y) = n(x,y) + p,(y,x) for any 
H G "H|(0, C), x, y G Q, andip is the Cartan-Koszul map defined byijj{v){x : y, z) = u([x, y], z) 
for any v G Inv(fj, C), x,y,z G g. 

The following corollary can be easily verified from Theorem 11.11 and Proposition 11.21 

Corollary 1.3 



n 2 L (c^x) = 



' H 2 (£l liM ,C)( 


B c Xfz -i 


if /i G |Z, A = - 


1, 




B Cxs+z -3 


if fi G s + Z, A = 


-3, 




B Cxs+z-5 


if /i G s + Z, A = 


-5, 


H 2 (CU,,X)( 


B Cx 8 +2,-2 


if /i G s + Z, A = 


-2, 


u 2 (c s _ 2 ,,X)( 


B Cxi^/ S+Zj 


_ 2 if At G |Z/s + Z, 


A = 


k n 2 {ci,X) 


otherwise, 
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where the corresponding non-vanishing components can be given as follows: 
X|z,-i( L o, M_ 2fM ) = 1, y -p-2v) = -2(1 - <y p ,- M ), 

Xs+Z~3(L , M_2 M ) = 1, X s+ z_ 5 (L„, ^-n-ji) = 1; 

/or s = or | and all n £ Z ; p 6 s + Z. 

§2. Proof of Theorem 11.11 

The following lemma is known from the references and also can be easily deduced. 
Lemma 2.1 <p(L m ,L n ) =0, V ip G Inv(£f , C), m, n G Z. 

For any mGZ, pGs + Z with p + ^ 0, the following identities hold: 

I 1 m 

(f{L m , Y p ) = — — (p(L m , [L , Y p }) = — ■ — <p([L m , L ], Y p ) = ■ — <p{L m , Y p ), (2.1) 

P + ft p + ft p + fi 

which implies the following two lemmas. 

Lemma 2.2 If ft £ s + Z, then <p(L m , Y p ) = 0, V ip G Inv(£f , C), m G Z, p G s + Z. 

Lemma 2.3 If ft G s + Z, then (p(L mi Y p ) = 0, V y> G Inv(£f , C), m e Z, p e s + Z with 
the additional conditions p ^ —ft and m + p ^ —ft. 

Lemma 2.4 If fi e s + Z, then (p{L m , = 0, V^G Inv(£^, C), m G Z*. 

Proof If G s + Z and A 7^ —3, <p(L m , Y_ fJ ) can be rewritten as 

—2 —2 2fm — 1) 

" ^(L m ,[Li,K^_i]) = T-^J ( ^([ L -' L i]' yi M-i) = \ I o (2-2) 



A + 3 rv "" 1 " A + 3 ru-».>-x J ,--/.-x, A + 3 

which gives 

<^(L m , F_ M ) = 0, V 99 G Inv(£^, C), m G Z*, /1 G s + Z, A ^ -3. 

If fi G s + Z, A = — 3 and m^2, <p>(L m , Y_^) can be rewritten as 

111 

¥>([im-i, £1], = 7; ¥>{L m -i, [L u = ^(i m -i, (2.3) 



— m 2 — m 2 — m 

which gives 

¥ »(L m> y_ A4 ) = 0, V^Glnv(£^,C), mGZ*\{2}, /iGs + Z, A = -3 
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If n G s + Z and A = — 3, <p(L 2 , K_ M ) can be rewritten as 

L 3 ], = ^(L_ 1; [L 3 , = ~</?(£-i, n-/,), (2-4) 

which gives 

<p(L 2 , Y-p) = 0, V if G Inv(q M , C), fi G s + Z, A = -3. 

Then the lemma follows. □ 
When /i G s + Z and m G Z*, one has the following identities: 

(p(L m , YL m _ M ) = — </?([L ,L m ], Y_ m _ M ) = —^(-^o, [An, Y-m-zx]) = -—4— ¥>{ L o, Y-n), ( 2 -5) 
m m 2 

which combining with Lemmas 12.31 and \2A\ concludes the following lemma. 

Lemma 2.5 If fi G s + Z, then ip(L m ,Y p ) = -^5 p _ m _^{L Q ,Y_^) , V (p G Inv(£f ijU , C), 
m£Z',pes + Z and y?(L , F g ) = 0, V— /i^gGs + Z. 

For any // G s + Z and m, n G Z, the following identity 
gives 

A + 3 

(m - n)ip(L m+n , Y_ M _ m _„) = (m H —n)ip(L m , Y^ m ]). 



If / 7^ —3 and m, m + n G Z*, using Lemma [2 .5[ one further has 

A + 5 

— — n^(Iro,y_ M ) = 0, 

which implies 

<^(Z/ , = 0, V /i G s + Z for the cases / ^ —5, —3. 
Then one has the following lemma. 

Lemma 2.6 For any \x G s + Z and 9? G Inv(>C* , C), 

{Sp-m-n^Lo^Y-n) if / = -5, 
if I ^ -5, -3, 

if Z = -3, (m,p)^(0,-//). 

Lemma 2.7 //// £ |Z, t/ien p(L n ,M m ) = 0, V ^ G Inv(£f^C), m, n G Z. 



Proof For any m, n G Z and 11 ^ |Z, the following identities hold: 

1 1 — n 

M m ) = —<p{L n , [L , M m \) = —<p{[L n , L ], M m ) = — (p(L n , M m ), (2.6) 

m + 2 fx m + 2ix m + 2 fx 

which gives 

ip(L n , M m ) =0, Vm,nGZ. 
Then the lemma follows. □ 

Lemma 2.8 If li G \TL, then <p(L n , M m ) = -(A+l)5 m ,„ n _ 2 ^(L , M_ 2m ), V ip G Inv(£^,C) ; 
n G Z* and <p(Z, , M m ) = 0,V-2^m6Z. 

Proof For the case /i G |Z, the identity f!2.6jl also gives 

yj(L n ,M m ) = 0, Vm/-2/i, m + n^-2u. (2.7) 
For A 7^ —1 and n G Z*, <p(L n , M_ 2m ) can be rewritten as 

— 1 —1 n — 1 

— <^(L n , [L 1; M_ 2/i _!]) = ^r^([^n, Li], M_ 2/i _ x ) = — ^(L n+1 , M.^.i), (2.8) 

which together with (12.71) . gives 

<p(L n , M_ 2M ) = 0, VnGZ*, A^-l. 

For the case A = — 1, if n G Z\{0, 2}, ip(L n , M_ 2/ J can be rewritten as 
-—¥>([£„_!, Li], M_ 2 ,0 = — ^ — (p(L n -i, [Li, M_ 2/ J) = -J—^L^M^), (2.9) 
which together with (12.71) . gives 

<p(Lm M-2fj) = 0, VnGZ\{0, 2}. 
For the case A = —1, <^(L 2 , M_ 2ai ) = can be obtained from the following deductions: 

^(L 2 ,M_ 2M ) = -ip([L-i, L 3 ],M-2n) = ^(i_i,[L 3 ,M_ 2M ]) = -^(L_i,M 3 _ 2A ,). 
Thus 

<^(L n , M_ 2M ) = 0, VnGZ*. 
For any n G Z*, <p(L n , M_ n _ 2/Lt ) can be rewritten as 

-p([Lo, L n ], M_ n _ 2M ) = -^(Lq, [L n , M_ n _ 2/ J) = -(A + 1)^(L , M_ 2m ). (2.10) 
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Then the lemma follows. □ 
For any /i G |Z and m, n G Z, the following identity 

¥>([£m> ^n]> M-2/ji-m-n) = <f(L m , [L n , M-2fj,-m-n\) 

gives 

(m-n)(p(L m+n ,M_ 2ljL - m -n) = {m + n + \ri)(p(L m , M_ 2/i _ m ). 
If Z 7^ — 1 and m, m + n G Z*, using Lemma [2.81 one further has 

(A + 2)ny?(L ,M_ 2M ) =0, 

which implies 

<£>(L , M_2 M ) =0, V G -Z for the cases / 7^ —2, —1. 
Then one has the following lemma. 
Lemma 2.9 For any G |Z and 99 G Inv(>C[ , C), 

{^n,-m-2 A1 V 2 (^0, M_ 2/ J if / = -2, 
if Z^-2,-1, 

if / = -1, (n,m) ^ (0,-2//). 

Lemma 2.10 ^(Y p , M m ) = 0, V up G Inv(£f M , C),j)Gs + Z,meZ. 

Proof If /i ^ s + Z, y'Opj ^m) = follows from the following identities: 

_ ^([L ,y p ],M m ]) _ ^(L ,[y p ,M m ]) 



<^(Y p ,M„ 



P + \l p + /i 



If /i G s + Z, p 7^ -//, (p(Y p , M m ) =0. If /i G s + Z and A 7^ -3, M m ) = follows 

from the following identities: 

(y M )= 2<p([L 1 ,Y^ 1 ],M m ) = 2y>(L 1 ,[y_„_ 1 ,M m ]) 
^ ^ m) A + 3 A + 3 

If /i G s + Z, A = —3, s = and m G Z*, then fi G Z, y>(Y_ M , M m ) = follows from the 
following identities: 

<f(Y^,M m ) = -<f(Y^, {L^,M m+fl }) = —<p([Y^,L^],M m+IJL ) = Zt^y M m+fl ). 
m m m 

If p, 7^ 0, (^(Yl^, Mo) = follows from the following identities: 

uj(Y^,M ) = ^(Y^, [L M ,M_ M ]) = ^([Y^L^M^) = ^(Y ,M_ M ). 



If n = 0, <f(Y , M ) = follows from the following identities: 

V (Y ,M ) = ^OM^i^-iD = ^{[y^L^M^) = ZI^M^). 

If n G s + Z, A = —3, s = | and 2p, y>(YL M , M m ) = follows from the following 

identities: 

^ iY -"' M ™ ) = m + 2 + 2/ (y -'" |L " M - J) = ro + 2 1 + 2/ " y -'" U M ^ l) ' 

If ii G s + Z, A = —3, s = | and m = —2 — 2/x, <^(Y"_ M , M-2-2/J — follows from the 
following identities: 

(p(Y^,M^ 2li ) = —£<p(Y.„ [L_i, M_i_ 2 „]) 

Then the lemma follows. □ 
Lemma 2.11 ip(M n , M m ) = 0, V y> G Inv(£^,C) ; m,n G Z. 

Proof For any m G Z, 3n ^ 2s, one has 

(M M ) = <P([Ys-n,Y 2n - 8 ], M m ) = <p(Y s _ n , [Y 2n _ s ,M m ]) = <p(Y a _ n , 0) = 
^ n ' m) 3n-2s 3n-2s 3n - 2s 

For the case s = and any m G Z, one has 

^(M , M m ) = n], M m ) = ^(Y_ 1; [Fx, MJ) = ~<p(Y_ 1} 0) = 0. 

Then the lemma follows. □ 
Lemma 2.12 If /i £ |Z, i/ien ^(F p , F g ) = 0, V <p G Inv(£f^, C), p, q G s + Z. 
Proof ip{Y s+n , Y s+m ) can be written as 

+ni Lo 

n + n s + n + jj, s + n + fi 

which implies the lemma. □ 
The identity (12. lip also implies the following lemma. 

Lemma 2.13 If n G |Z, then <f(Y p , Y q ) = 0, V (p G Inv(£^, C), p, g G s + Z p 7^ —jj, 
and p + q 7^ — 2/i. 



Lemma 2.14 // // G s + Z, then (p{Y_^Y q ) = 0, V ip G Inv(£^,C) ; p, q G s + Z with 
q j£ -/i. 

Proof If p = — /i, A 7^ —3 and g 7^ — /x, then 

<p(Y-^Y q ) = ^-^[Y^_ x ,L x ],Y q ) = ^-^Y^ u [L u Y q }) 



2(q-^ + v) 

X~+3 -m • '-/+.' 



-^(y_„_ a ,y !I+1 ) = o. 



If p = — /i, A = — 3 and g 7^ — /i, then 



which implies the lemma. □ 
Then Lemmas 12.131 and 12.141 imply the following lemma. 

Lemma 2.15 If \i G |Z, then <f(Y p , Y q ) — 0, V <p G mv^f^, C), p,g £ s + Z wrf/i p + q 7^ 
-2/i. 

Furthermore, for any (p G Inv(£f )At , C) and // G ±Z, one has the following lemma. 

Lemma 2.16 (1) If p ^ -fx, then (p(Y p ,Y_ 2fi -p) = -2y>(£ , M_ 2jU )- 
(2) IfX ± -3, then <f(Y^,Y^) = ^±^(L , M_ 2m ). 

Proof If fi G |Z, p 7^ — /i and p + q = —2fi, then 

cp(Y p ,Y q ) = _L^([L ,y p ],y ? ) = _LyL 0) [y p ,y ? )] 

= ^-<f(L ,M^) = -2^(L ,M_ 2m ). 
If /iGs + Z, p = q = —fi, A 7^ —3, then 

^(y- M ,yg = x =^ v »([L 1 ,y. M _ 1 ] ) y_ /l ) = -^^{l^y^y^]) 

~ 2 -</?(Li,M_ 2At -i) = ^±^>(Lo,M_ 2/1 ). 



A + 3 rv ' ^ y A + 3 

The lemma follows. □ 
Using Lemma 12. 9[ we obtain the following lemma. 
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Lemma 2.17 For any ji G \ 



|Z and <f E Irw(£ s lfM , C) 



2(1 - 5 P t ^)5 p _ 2M _q</?(L , M_ 2/U ) 



if z 



2 







if Z = -1, 

if Z ^ -3,-2,-1, 

if Z = -3, (p,g) ^ (-//,-//). 



Proof of Theorem \1.1\ It can be easily verified from Lemmas 12. 1[ 12. 2[ 12. 6[ 12.71 12.91 — l2~l~2l 
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